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Constructing an Entropy-Stable Upwind Scheme
for Compressible Fluid Flow Computations

G. F. Naterer*
Lakehead University, Thunder Bay, Ontario P7B 5SE1, Canada

A relationship between entropy processes and numerical upwinding is examined in the context of computational
gasdynamics. A discretized form of the entropy inequality is constructed at the integration point where convection-
diffusion modeling occurs in finite volume methods. Conventional upwinding schemes may violate the local form of
the second law of thermodynamics, but a modified upwinding scheme uses additional momentum constraints and
pressure terms to provide a positive entropy production rate. The second law is seen as an important quantitative
measure of nonphysical numerical results, as well as a sound basis for error analysis. Applications to converging-
diverging nozzle and blunt-body flow problems demonstrate the promising performance of the overall numerical

algorithm.

Nomenclature

A = area

a, ay, as, a, = upwind scheme coefficients

Cpy Cy = specific heats

D = diameter

Ec = Eckert number, u?/(c,AT)

= total energy

= entropy flux

= flux of conserved quantity

= length, m, or differential operator

= mass flow rate

= normal vector

= pressure

= entropy production rate

= conserved quantity

gas constant

= entropy

= temperature

= time

= velocity components

= linearized integration point velocity
= coordinate directions

= weighting factor for hybrid upwind scheme
= diffusion coefficient

= ratio of specific heats

= discretization error

= dynamic viscosity

= density

= stress tensor or time integration variable
= general scalar
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Subscripts

i = grid point location

= integration point

u = upstream direction

= coordinate directions

z = evaluation at point z

= partial derivative with respect to variable z
=reference value

=local nodes
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Superscripts
n = previous time level
n+1 = current time level

Introduction

HE role of generalized entropy in the Euler equations for mod-
ern numerical methods is an important concept, but its inter-
pretation in physical terms is difficult. The Euler equations neglect
viscousand heat transfereffects; nevertheless,physical entropy pro-
duction is solely dependent on these processes. However, recent
developments have identified and classified two distinct aspects of
entropy: 1) natural or physical mechanisms and 2) computational
mechanisms. Entropy measures the degree of chaos or randomiza-
tion, and this disorder can be interpreted in a physical sense (a
traditional view) and/or a computational sense (a recent view). The
traditional view may be traced to a presentationby the German math-
ematical physicist Rudolf Clausius in 1850 on the value of entropy
inrelation to steam engine performance. The recent view has arisen
with the advent of digital computers, and it considers entropy in
terms of discretizationerrors, artificial dissipation,and nonphysical
numerical results.! 3
This recent computational view has included connections be-
tween solution uniqueness, numerical stability, overall accuracy,
and the second law. For example, Lax' implemented a discrete en-
tropy equationto identify physicallyrelevantand unique solutionsin
finite difference compressible flow simulations. Harten® then sym-
metrized the governingequations through a change of variables (en-
tropy gradient variables) to improve the stability and performance of
iterative algebraic solvers. Also, Merriam® has shown that satisfac-
tion of the second law is sufficient, in some cases, to ensure stability
of compressible flow computations. This numerical stability also
suggested that entropy could serve as an effective candidate for so-
lution convergence criteria. In this regard, Camberos’ has shown
that entropy can provide an effective measure of residual error and
convergence because it gives a physically significant quantity with
a full functional dependence on all fluid state variables. In terms
of accuracy, Naterer and Schneider* have demonstrated that solu-
tion errors and nonphysical phenomena, such as numerical oscil-
lations, often coincide with a violation of the second law within
a control volume. In other words, solution accuracy and entropy
production are closely related in a numerical sense. Conventional
error studies, such as Taylor series expansions,only indicate the be-
havior of numerical errors as grid refinement is effected. However,
in many cases, the mathematical analysis lacks a physical inter-
pretation, and it generally cannot identify errors for coarse grids.
Unlike entropy analysis, it also typically cannot identify nonphysi-
cal aspects of the numericalresults. Thus, unlike Taylor series meth-
ods, it appears that the second law can provide a physical basis for
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connectionsbetween stability,convergence,reliability,and accuracy
of simulations.

During a parallel stage of developments, the first Navier-Stokes
solvers appeared with implicit solutions of three-dimensional vis-
cous compressible flows. Importantearly developments were docu-
mented by the MacCormack and Baldwin® second-order time-split
scheme and the ARC2D and ARC3D codes of Pulliam and Steger.’
Subsequent advances involved aspects such as boundary-layer and
shock-wave interactions, unstructured grids, i.e., finite elements,'
and conservation-basedprinciples, i.e., finite volumes.!! However,
a great deal of effort and difficulty arose from error analysis and
overall generality and robustness of the numerical codes. Solutions
were very sensitive to time steps and grid spacing or a variety of
empirical constants in the schemes. Rigorous order accuracy often
could not be determined. Complicated problems required special-
ized tuning of coefficients, but the tuning would be altered for each
new problem. More grid points and faster computers could achieve
more accurate solutions, but they could not necessarily bring a more
robust or stable algorithm. In terms of an overall observation, many
numerical methods lacked a unified approachto error analysis. Im-
plementation of entropy was absent from these developments. A
missing link between error analysis and the earlier generalized en-
tropy studies would soon emerge.

Unified treatments of generalized entropy, finite elements, and
viscouscompressibleflows have appearedin recent studies. Hughes
et al.? produced finite element schemes that satisfy the second law
in a global sense. However, numerical oscillations may occur in in-
dividual elements because the second law is not enforced at a local
level. Merriam?® presented a general methodology for satisfying the
entropy inequality on a cell-by-cellbasis. A general method of anal-
ysis rather than a specific finite element or finite volume scheme is
presented. Entropy-based corrections for error reduction were im-
plemented for compressible flows by Naterer and Schneider* and
duct flows by Nellis and Smith.!> These recent developments im-
proved our understanding of the role of generalized entropy in nu-
merical simulations, but specific studies of the impact on various
discretizationissues, such as finite volume modeling, remain sparse.

Finite volume methods are commonly employed for compress-
ible flow computations because of their conservationand physically
based discretization.!® The discrete equations are obtained by inte-
gration of the governing equations over discrete volumes and ap-
proximations of the convection-diffusion terms at the midpoint of
the volume surface (integration point). The difficulty with entropy
implementation in finite volume schemes is twofold: 1) Conserva-
tion laws are equalities, but the second law is an inequality; and
2) discretization occurs at two distinct levels (volume/nodal level
and surface/integration point level). Adequate representation of an
entropy inequality should be achieved at both nodal and integra-
tion point levels. Although extensive research has focused on the
accuracy of convection-diffusion modeling, i.e., see Ref. 14, sim-
ilar investigations of integration point entropy processes have not
occurred. In effect, a link between convection-diffusion modeling
and entropy-based error analysis has been neglected. Inadequate
upwinding accuracy may be related to entropy processes. Momen-
tum and entropy transport at the integration point need to be more
closely examined for possible connectionsin terms of discretization
processes and accuracy.

In this paper, a step-by-step process is followed to construct a
finite volume scheme that obeys the second law at the integration
point. The discretizationemploys a control-volume-basedfinite ele-
ment method. During the developmentof the entropy discretization,
itis observed that the upwinding scheme plays a critical role in the
entropy inequality. Conventional upwinding methods are examined
in terms of entropy transport,and an entropy-stableapproach, or an
approachthat obeys the local form of the second law, is constructed
by a set of momentum transportconstraints. The method is then suc-
cessfullyapplied to a one-dimensionalconverging-divergingnozzle
problem and a two-dimensional blunt-body flow.

Governing Equations
The governing equations for viscous compressible fluid flow and
heat transfer are the Navier-Stokes equations. In the following two-
dimensional equations, several assumptionsare invoked: 1) laminar

flow of an ideal gas, 2) zero source/sink terms, 3) negligible radia-
tive heat transfer, and 4) constant thermophysical properties. In ad-
dition, the subsequententropy analysisconsidersspecific examples,
including 1) accelerating flow in a converging nozzle, 2) subsonic
converging-diverging nozzle flow, and 3) general duct flows with
friction. In these case studies, a steady state is also assumed. The
entire numerical schemeis then applied to the converging-diverging
nozzleproblemfor subsonicand supersonicflows, as well as a mixed
flow with a shock wave. Finally, its performancein two-dimensional
problems is examined by an application to a blunt-body flow
simulation.

Let us define a vector of conserved quantities g and a correspond-
ing flux f with an advective component f* and a pressure p and
diffusive componentf<:
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The heat flux vectorj in Eq. (1) can be related to temperature 7 by
Fourier’s law.

For each conserved quantity, there exists a corresponding trans-
ported scalar ¢. For example, x momentum is conserved (g, = pu)
and the scalar ¢ =u is transported by the flow in the momentum
transportequation. With this interpretation, the governingequations
can then be written in a conservation form as

g

5+V-f’+v.f’zo @)

or a nonconservationtransport form (excluding continuity) as
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The components of the stress tensor 7 in Eq. (1) are
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In addition, the ideal gas law, p = pRT, and the relations y =c¢, /¢,
and R =c, —c¢,, where ¢, and c, refer to specific heats, allow cal-
culations of pressure

p=(y—Dp(e—qu* = 3v°) )

Computational Formulation

The problem domain is subdivided into finite elements. For one
dimension, Fig. 1a shows the grid structure, and for two dimensions,
Fig. 1b shows the appropriate schematic definitions. In one dimen-
sion, a control volume is defined by the two adjacent half-elements
surrounding each node and the integration points are located at the
control volume surfaces. The integrationpointresides at the element
midpoint. [soparametric,linear-shapefunctionsare used withineach
element to represent the variation of the dependent scalars in terms
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control volume
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integration points at element
control volume surfaces

a) One dimensional

local node number

upwind diffcrence
control volume

b) Two dimensional

Fig.1 Grid structures.

of nodal variables. Integrating Eq. (2) over a control volume and
time step,

t+At
/q(t+At)dV—/q(t)dV+/ /f-ndAdr:O 8)
|4 |4 t N

The discreteequationscan be obtained by integrationover a specific
time interval 1" <t <¢"*! and also the one-dimensional volume
Xi_1/2 <X < X; 41,2 for the case of the conservation equations. The
discretized conservation and nonconservationforms of the govern-
ing equations, Egs. (2) and (3), respectively, then become in con-
servation form

‘I?H —q +ﬁ+1/2 _.f;'fl/Z

At AX,‘

=0 ©)

and in nonconservationform

A 1 . d¢
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where sources refers to the remaining terms in the governing equa-
tion. The pressure,diffusion,and sourcetermsin Eq. (9) are modeled
by linear interpolation and the finite element shape functions. This
approachis consistentwith the elliptic nature of diffusion and pres-
sure influences. In two dimensions, the advectioncomponent differ-
encesin Eq. (9) are instead based on upstream differences (Fig. 1b).
Diffusion, pressure, and source terms are also handled with a linear
interpolationof element nodal values and shape functions. However,
in two dimensions, four isoparametric, bilinear shape functions are
employed (four nodes per element) rather than the two functions in
the one-dimensional case.

To specify a well-posed algebraic system, the advection terms in
Eq. (10) at the integration points also need to be related to nodal
variables. For these terms, consider the transportof a scalar quantity
¢ across a control volume surface, or integrationpoint,suchas ¢ = u
in the momentum equation. Several approaches have been used in
numerical schemes to estimate an integration point value such as
¢i+1/2- The following methods represent the current conventional
approaches.

Upwind Differencing Scheme

The approximation ¢; , ;» = ¢; represents an upwind differenc-
ing scheme (UDS). In two-dimensionalproblems,an analogouspro-
cedureis the skew upwind differencingscheme (SUDS), which uses

the local flow direction to determine the appropriate upstream loca-
tion for the scalar variable approximation. This first-order upwind-
ing is robust, but it omits the influence of pressure forces on the
integration point velocity. It would appear that this omission might
create nonphysical solutions. For example, a large pressure gradi-
ent in a flowfield would have no direct influence on the integration
point velocity, and this anomaly might impose a direct violation of
the second law.

Central Differencing Scheme

The central differencing scheme (CDS) uses linear interpolation
between adjacentnodal values to find the integration point variable,
i.e., ¢4 12 =(¢; +@;41)/2. This approachyields second-orderac-
curacy. Although CDS improves accuracy, it also produces numer-
ical wiggles and violates the second law with this nonphysical so-
lution behavior, i.e., see Ref. 4.

Hybrid Schemes

Convection models may employ some combination of adjacent
nodal values for the integration point approximations. For exam-
ple, hybrid schemes such as the exponential differencing scheme
(EDS) have been developedto provide the correct balance between
UDS and CDS influences based on the local grid Peclet number
(Pe=pu;Ax;/T) (Ref. 14). The EDS scheme obtains a smooth
transition from the CDS scheme for Pe — 0 to the UDS scheme for
Pe — o00. Neglecting transient, pressure, and source terms in Eq. (3)
and solving the resulting equation subject to specified values of ¢ at
the nodes yields the EDS solution. Evaluating ¢ at the integration
point with this EDS solution,

Giv1p = [0+ a)/21¢; + [(1 —@)/2]¢; 41 an
where
. 22 —1) P
ePe—1 54 P&

and the latter approximationis often employed to reduce the com-
putational expense of frequentexponential calculations.* Although
the correct Peclet number behavioris achieved, this scheme is only
first-orderin terms of the Taylor series truncationerror. Higher-order
schemes, such as the quadratic upstream interpolation for convec-
tion kinetics (QUICK)'® scheme, reduce the discretizationerrors by
using quadratic interpolation for integration point values. Also, fi-
nite element differentialschemes (FIELDS ) solve an approximation
to the governingequationsat the integration point to incorporatethe
local fluid physics, such as local pressure and source term effects.'®
Althoughitincludesthe relevant physical influences, it remains un-
determined whether the FIELDS discretization is consistent with
the second law.

The objective hereis to constructan integration point scheme that
will provide entropy-stablesolutions. The term entropy stablerefers
to numerical stability, and it has been documented that the second
law provides a quantitative measure for ensuring stable computa-
tions through the sign of the discretized entropy production rate,
i.e., see Ref. 4. Solutions that obey the second law exhibit proper
physical characteristics. However, the problem is difficult because
the conservation equations are equalities, whereas the second law
is an inequality. In the following section, we will examine the role
of entropy and how it can be utilized with the current numerical
formulation to provide accurate convection-diffusion modeling at
the integration point.

12

Role of Generalized Entropy

A fluid that is governed only by the conservation laws in Eq. (2)
could display very unusual behavior because it is not sensitive to
the direction of the process required by the second law of ther-
modynamics. For example, from experience, it is improbable that
heated fluid parcels could become sufficiently organized to inde-
pendently produce a cold fast jet and, therefore, completely convert
all thermal energy to kinetic energy. The second law states that the
statistical probability of observing this event is very small. Alter-
natively, the second law states that entropy, which is a property
of matter that measures the degree of disorder at the microscopic
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level, can be produced but never destroyed in an isolated system.
Generalized entropy suggests that these observations also apply to
computations, i.e., numerical approximations should not produce
nonphysical results.

The second law of thermodynamicscanbe stated in a form similar
to Eq. (2):

P,=S,+F,>0 (13)

where the subscript notation with a comma refers to differentia-
tion. For example, the subscript,x refers to a partial derivative with
respectto x in one dimension or the divergence operator in multidi-
mensions. Also, S(¢q) and F(q) are the thermodynamicentropy and
entropy flux, respectively, where

S =ps (14)
F = pus (15)

and s is the specific entropy,

p/Po
§ =0 log[m} (16)

In Eq. (16), the subscript 0 refers to values at a specified initial
state. In Eq. (13), the equality refers to reversible processes, and the
inequality refers to irreversible processes. Also, Eq. (15) employs a
one-dimensional approximation.

For the general case of a simple compressible substance, the
entropy and entropy flux must obey two important properties:
convexity

Seq <0 a7
and compatibility
Sofe=F, (18)

The convexity requirement requires irreversible processes to pro-
duce entropy. It ensures that entropy is bounded from above be-
cause S ,, must be a negative definite matrix. The entropy distribu-
tion typically reaches a maximum value at thermal and mechanical
equilibrium. In the compatibility criterion F , is the entropy flux
derivative matrix (a second-ordertensor) with a vector component
in each of the three coordinate directions. Also, f, is a third-order
tensor because it denotes a derivative of four fluxes in three direc-
tions with respect to four conservation variables. The compatibility
condition guarantees the existence of an entropy flux satisfying the
second law whenever an additional entropy conservation principle
holds for reversible processes.

For a discrete volume, the second law can be stated in a form
similar to Eq. (9),

. Sl —S"  Fiop—Fip
P, = - ! - - >0 19
At + AXx; - 19

After the solution of the conservationequationsis obtained, an addi-
tional step is required to find g(x, ¢) from the nodal and integration
point values, so that S(g) and F(q) can be properly integrated. We
need to establish an approach that does not violate the second law
during this reconstruction step. In this way, if a negative entropy
productionrate arises, it can be attributed to the discretized conser-
vation equations rather than the entropy inequality, Eq. (19).

We will, therefore, assume that ¢ = ¢; within the control volume,
where the subscript i refers to node i. This assumption meets the
aforementionedrequirement because a piecewise constant distribu-
tion maximizes the entropy within each control volume with respect
to the choice of ¢;. This can be justified from a fundamental result
of thermodynamics, which states that, for all processes at a constant
total volume and energy, the entropy increases or remains constant.
Thus, when a system is in complete thermal and mechanical equi-
librium, i.e., no further processes occur, then its entropy must be a
maximum. Because the state transition from ¢g(x, ?) to ¢; is physi-
callyirreversiblein general, the entropy containedwithin anisolated
control volume must increase and achieve a maximum value at the

equilibrium state g(x, r) =¢;. In addition, it will be assumed that
q is piecewise constant, at its integration point value, along each
control surface.

The calculations of f and g at the integration points in Eq. (9),
and thus the entropy flux values in Eq. (19), comprise an important
aspectofthe scheme’s overall accuracy. This aspectof the discretiza-
tion is called the integration point convection-diffusion modeling
or simply the upwinding scheme. The following section outlines the
method by which the second law can be directly connected to the
discretization of the relevant transport equation at the integration
point.

The unique advantage of this second law approach is its poten-
tial ability to give an upwind scheme with several desirable fea-
tures: physically plausible solutions, stable computations, solution
uniqueness, efficient convergence properties, etc. A variety of re-
searchershave confirmed thatsatisfactionof the second law provides
a quantitative mechanism to ensure these desirable features. In ad-
dition, three examples in the following section will serve to explain
the various aspects of the entropy-based model and, thus, give a
physical basis for the described desirable features and properties.
Conventional schemes, such as upwind or central differencing, are
compared from this entropy perspective, and an alternative scheme
[physical influence scheme (PINS)] that satisfies the second law is
then constructed.

Upwinding and the Second Law
Recall the entropy inequality for control volume i,

_ Sptt— gn n Fioip—F_ip

P, >0 (20
At AX;
The first term may be expanded with a truncated Taylor series:
Si= S +S8,t—1")+ 385, —1")? 2D

where 1" <7 <t. Similarly, definingq; < ¢ <g; ;/, and expanding
the latter term in Eq. (20),

Fioip=F+F,qp—q)+ %F.qq({)(qurl/Z -¢)* (22

If g is a scalar, then the squared term in Eq. (22) represents a scalar
multiplication. Otherwise, if ¢ is a vector, then the term is evaluated
by the product of the vector and its transpose. In a similar fashion,
we can expand the entropy flux about the other integration point:

Fioip=F+Fqi-1p—q)+ %F.qq({)(qi —qi—1p)* (23)

Substituting these relations into Eq. (20),

P; _ |:S., + Eq<4i+1/2A—xqz>1/2>i|

1 (qi+l/2_qi)2_(qi _qi71/2)2
+ 5[S_,,At + F_qq|: ~ 24)

Using the compatibility condition and simplifying the first term in
Eq. (24),

. i — 1
P = S..,[q., +fq (Wﬂ + 58t

. — a2 — (g —a: 2
+qu|:(41+1/2 qi) Ax(% qi—1)2) :| (25)

Although this equation expresses the entropy production rate in
terms of several problem variables, it is difficult to implement or
verify the positive definite character of individual terms. Instead,
we will simplify the first term with another Taylor series:

qGir1p=¢q +q:(xi—1p—x;) + %Q.xx(xw 12— X;)? (26)

Writing another similar expansionaboutx = x; _ ;> and substituting
the results into Eq. (25),

Po=S,q,+f)+15,At>0 27)
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Fig. 2a Conventional upwind coefficients.

The row vector S, in Eq. (27) represents a rate of change of en-
tropy with respect to a specific conserved quantity. If the conserva-
tion equations are solved in an exact fashion, then the first term in
Eq. (27) vanishes and the second term remains positive to satisfy
the entropy inequality. Note that Eq. (27) remains valid at both the
control volume level, where the overall conservation equations are
applied, and the integration point level, where assumptions regard-
ing convecting quantities, such as ¢; ;. 1, = ¢; (UDS scheme), are
employed. In the latter case, violation of the inequality in Eq. (27)
may lead to observed errors, such as false diffusion in the case of
UDS oroscillationsin the case of CDS. Thus, the convectionmodel-
ing at the integration points should be governed by the same entropy
requirements as the overall conservation equation.

Using the nonconservationtransport form of the governing equa-
tions, Eq. (3), and writing the bracketed component of the first term
in Eq. (27) in its discretized form at x = x; | 2,

n+l _ gn ) s
L(é)+8:alp(¢+—¢>+azpu<¢’+1/2 ¢,>

At Ax; /2
Piiip— P Giv1 — 20112+ @i
_— r 28
+a3< Ax; /2 s Ax? (28)

In this form, the exact equation L(g) =0, Eq. (3), is replaced by
a discrete approximation, L(q) +8 =0, where L() refers to the
differential operator (left-hand side) in Eq. (3) and § refers to dis-
cretization errors at x; , ,. We know that § — 0 as grid and time
step refinement is effected.

Upon close examination of Eq. (28), we notice that it repre-
sents a series of conventional models for integration point approx-
imations: 1) CDS for a; =a, =a; =8 =0 and a, #0, 2) UDS for
a,=a3;=a,=8=0 and a, #0, and 3) EDS for ¢, =a; =6 =0,
a,=a/Pe,and a, = (1 —)/2.

Figure 2a shows these coefficients and their dependence on Pe.
As Pe — 00, itcanbe shown from Eq. (28) that |a,| < |a,|, and thus,
the UDS upstream values dominate the downstream influences even
thougha, becomessmall. The difficulty now is to determine whether
these coefficients violate the entropy inequality in Eq. (27).

The first term after the equality in Eq. (27) represents a prod-
uct between each component of the row vector S, and a conser-
vation (or transport) equation represented by each component of
a column vector, i.e., S, (continuity) + S ,, (momentum transport
equation) + S ,, (energy transportequation). The numericalentropy
production of each individual contribution should be high enough
to prevent an overall negative sum and a violation of Eq. (27). The
effect of a particular transport equation, such as the momentum
transport equation, can be examined by assuming that the remain-
ing transport equations closely approximate their exact solutions,
and thus their contributions to the aforementioned vector product
are negligible. In addition, let us consider steady-state problems
(a; = 0). We can then assemble individual terms and examine their
signs.

To clarify the results, let us consider the physical interpretation
of individual terms in the entropy analysis for the following three

4r Subsonic (Ma=0.5 Supersonic (Ma=1.5)
Sq1/1000 [JkgK] ==+~ $q1/1000 [JkgK]
IR Sq2 [m/sK] ~-= 8q2 [m/sK]
EN e Sq3*1000[1/K]  —— Sq3*1000 [1/K]

positive-definite

[ altermatingsigns Ty

Entropy Derivative
T

negative-definite

_2: PR SE ENS SR S S RN S N SR S N TR ST S S ST S S M MU SR S |
1 2 3 4 5 6 7

Pressure (atm)

Fig. 2b Rate of entropy change. (Note: S¢3 subsonic and S¢3 super-
sonic results are coincident along the upper positive-definite curve.)

examples. These examples include interpretations for an accelerat-
ing flow in a converging nozzle, converging-diverging nozzle flow,
and other general duct flows with friction.

Example 1: Interpretation for Accelerating Flow
in a Converging Nozzle

Recall that the row vector S , in Eq. (17) refers to a rate of change
of entropy with respect to a conserved quantity. For example, if
the x momentum (g, = pu) increases by an incremental amount
dg,, where d refers to differential, as a flow accelerates through a
converging nozzle, then the term S, dg, represents the associated
entropy increase. The term S, dg would represent the cumulative
effect of changes in all conserved quantities on the entropy change.
From Egs. (1), (7), (14), and (16), we can calculate this entropy
derivative:

(y — Dpu? (y — Dpu (y—1)
S.q = [S-f—Cv |:_J/+2—P , 6y P » PCy P

(29)

The componentsof S, in Eq. (29) are shown in Fig. 2b for the case of
airwithy = 1.4, T =300K, p = 1.16 kg/m’, ¢, = 717.4 J/kgK, and
po = 101kPa. In Eq. (29), we can observe that, for one-dimensional
flows from left to right, the sign of S ;, may be positive or negative
butS,, <0andS , >0.Thesepropertiescanbe observedinFig. 2b.
In physical terms, for the earlier nozzle example, this implies that
the entropy would decrease with a positive change dg, because there
would be more certainty with the whereabouts of a fluid parcel in
the converging duct. In Fig. 2b, it can be seen that this uncertainty
principle also affects the magnitude of the entropy change; [S ,, |
for supersonic flow is larger than the corresponding subsonic value
at a fixed pressure. On the other hand, the entropy increases with
a positive change in dg; because the higher degree of molecular
disorder associated with the increased thermal energy implies that
its entropy must also increase.

Example 2: Interpretation for Subsonic Converging-Diverging
Nozzle Flow

From Egs. (28) and (29), we can constructthe entropy production
rate associated with momentum discretization,

(S,qf,x)z _ —c,(y — Dpu |:azpﬁ<”i+1/2 - ”i)

P AX,‘/Z
Piyip— P Wiyt — 2 p10 + U
_— r 30
+a3< Ax; /2 s Ax? (30)

Equation (30) demonstrates a set of necessary constraints on con-
ventional upwind schemes to satisfy the entropy inequality. For
example, consider an accelerating flow in a subsonic converging-
divergingnozzle, i.e., du/dx > 0, just upstream of the throat. If the
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Fig.3 Regions that satisfy the entropy constraint in terms of a) Ec and
b) D/L sensitivity.

flow remains subsonic, then it will begin to decelerate upstream of
the throat due to the upcoming area expansion in the duct. As a
result, the concavity of the velocity profile changes in the region up-
stream of the throat from concave upward to concave downward, or,
in other words, a convex profile exists upstream of the throat. Under
these conditions with CDS, UDS, SUDS, or EDS schemes (a; =0),
we notice that S, f . <0 in Eq. (30) and the entropy inequality in
Eq. (27) is violated. In practice, viscous terms are negligible outside
of the boundary layer in this case; nevertheless, Eq. (30) remains
negative for accelerating flows, and thus we must modify the up-
winding to prevent negative entropy production. For example, the
schemes may apply the approximationto decelerating flows instead
or modify the upwinding with additional terms.

Let us construct an upwind scheme by imposing a momentum
constraint on the pressure terms in Eq. (30) to satisfy Eq. (27). An
appropriate pressure influence at the integration point may prevent
the problem in the aforementioned example with an accelerating
flow. For steady flow, Bernoulli’s equation can be written in the
following form!'”:

2 2
u; Uitip
Pt pot = Pop+ o=t

+ losses 3D

where losses > 0 representfrictional losses. Notice that the velocity
terms in Eq. (31) may be factored in the following form:

P, — Py 1o+ put(u; — u; y1)2) = losses (32)

whereut = (u;+u; ;1) /2. Itis now evidentfrom Eqgs. (30) and (32)
that, if we set a, = a3 for PINS and a4 ~ 0 (negligible downstream
influences for high Peclet number case), then the losses may be
isolated, and Eq. (30) may be rewritten as follows:

ae,(y — Dp

(Saf)2 =272 “ (losses) = 0 33)
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Fig.4 Converging-diverging nozzle: a) schematic with geometry and
numerical results for examples with b) shock wave and c) supersonic
flow.

The second law requirement in Eq. (27) is now satisfied by the
proposed PINS scheme. In addition, it can be shown that this scheme
exhibits second-order accuracy (see Appendix).

Example 3: Interpretation for General Duct Flows with Friction

A detailed comparison between the PINS scheme and other con-
ventional schemes (subscript 0), such as CDS, UDS, SUDS, and
EDS schemes, will now be examined and interpreted in the con-
text of general duct flows with friction. Recall the definition of the
wall shear stress, t,, = fou?/2, for incompressible flows, where f
refers to the friction factor. This definition shows good agreement
with experimental data for incompressibleflows, as well as subsonic
compressible flows!’; experimental data for supersonic and hyper-
sonic flows are sparse. Defining G = (S,f ), and Ec=u?/c,AT
(Eckert number), then the difference between upwind schemes can
be computed using the ideal gas law with the following result:

oty — 1
Gps — G, = 2“2. Cu(y )pu [az.Ple .

Ax; P ar,

2y —1) (D 1 .
- T (Z) (E)} (105565) (34)
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The critical points, Ecand D /L, where this differencechanges signs
can be readily computed:

= 2y =D (D> ( a, >
Ec= —
vf L A pINs — Q2
(é) _ (az.Ple . 1) Y fEc
L a, 2(r =D

Thus, conventionalschemes are guaranteed to exhibitentropy-stable
behavior only for low Eckert numbers below the critical points.
These trends are shown in Fig. 3, where the following sample con-
stants have been selected: y = 1.4 (air), @, pins = @3 pivs = 1, and
P, =c,(y — 1)pu; (losses)(ay pins — d2.,)/Ax;. Below the critical
points, Gpins < G, but Gpys > 0 for all Eckert numbers, and thus
G, > 01is guaranteedalso in this region. However, above the critical
points, the PINS scheme satisfies the entropy inequality in Eq. (27),
but the other schemes may violate it. Both Figs. 3a and 3b show
that the difference Gpns — G, increases with the friction factor at
a specific Ec or diameter/length D /L ratio, respectively, because
higher wall friction produces more entropy for a pressure-weighted
scheme than a scheme, such as UDS, without this dependence. Fric-
tion, pressure loss, and entropy production are, thus, closely related
to the integration point approximations.

Because the currentanalysis considersonly the momentum trans-
portdiscretizationaspectsof Eq. (27), the overall accuracy or numer-
ical stability of a specific finite volume method is not formally estab-
lished. However, each integration point discretization is generally
constructed independently of the other transport equations. Thus, if
nonmomentum aspects are considered equivalent, then the present
studiesshow that the PINS schemeis the only assuredentropy-stable
approach. The results in the following section will demonstrate the
performance of the PINS upwind scheme and the overall numerical
formulation.

(35

Application Problems and Discussion

The performance of the numerical model for compressible flow
computations will now be examined by applicationsto two example
problems: 1) a converging-diverging nozzle problem and 2) a two-
dimensional blunt-body impingement problem.

Converging-Diverging Nozzle Problem

In the followingexample, a compressiblefluid (air) flows through
a converging-diverging nozzle with a specified cross-sectionalarea
A(x):

A@) = Ag + (A, — Ap)[1 = (x/5)F, x =<5 (36)
A@x) = Ag + (A, — Ap)[(x/5) — 1T, x=5 (37

where 0 <x <10 m and Ay and A, are the throat and exit areas
(A, =2.035A,,; see Fig. 4a). Gas properties for airinclude y = 1.4,
¢, = 1004 J/kgK, and R =287 J/kgK.

In this problem, stagnation pressure (P, =93.75 kPa) and tem-
perature (75 =300 K) conditions, as well as the inlet Mach number
(Ma; =0.3), are specified. The inlet conditions are also used as
the initial conditions throughout the problem domain. Zero fluid-
penetration conditions are defined along the nozzle walls. Uniform
node spacing in the transverse and axial directions with 2 x 50 el-
ements was employed. Computer simulations were conducted by
marching ahead in time (A7 =0.1ms) from the initial conditions
to the final steady-state solution. Approximately 800 iterations (or
time steps) were typically required to achieve the final steady state.
In addition, up to 1500 additional iterations were performed after
the steady state to confirm the stability of the results and to verify
that specific aspects, such as shock-wave location, did not change.

Three different back pressures are specified, and these three val-
ues produce the following conditions in the diverging section of
the nozzle: 1) subsonic flow (P, =80 kPa), 2) mixed flow with a
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Fig. 6 PINS two-dimensional upwinding; note that Ref. 4 develops and applies additional artificial dissipation mechanisms in a two-dimensional

context.

shock wave (P, =50 kPa), and 3) supersonic flow (P, = 8.8 kPa).
If the back pressure is not low enough to induce sonic conditions
at the throat, then the flow remains subsonic throughout the nozzle
(case 1). As the back pressure is further reduced, the throat even-
tually becomes sonic, and the mass flux through the nozzle reaches
a maximum value. If the back pressure is reduced below this crit-
ical condition, then the throat remains choked at the sonic value,
and a normal shock wave occurs in the diverging section to meet
the outlet condition (case 2). The design pressure ratio is achieved
when the back pressure is further reduced until the diverging flow
is entirely supersonic (case 3). This design condition is often used
for the efficient operation of a rocket exhaust.

Comparisons between the computed and exact solutions for the
mixed-flow example are shown in Fig. 4b. The computed shock-
wave position is accurately predicted. Also, the sharpness of its
resolutionis very good because it is essentially captured over three
nodes without numerical overshoots or undershoots. Numerical er-
rors are observed with some numerical smearing downstream of the
shock wave, where the fluid velocity is slightly overpredicted. If

the discretization errors are examined by a truncated Taylor series
expansion, then even derivative terms are typically associated with
diffusion errors; these errors tend to reduce gradients in the flow-
field. On the other hand, odd derivative terms are often responsible
fordispersionand oscillationerrors because phase relationsbetween
waves in the flowfield are distorted. The present generalized entropy
approach providesa physically based alternativeto Taylor series ex-
pansionsfor the error analysis. For example, the numerical smearing
in Fig. 4b is a diffusive mechanism and, thus, an entropy-producing
rather than an entropy-destroying process. The entropy-producing
effect of numerical diffusion can be quantified through an equiv-
alent diffusion coefficient in Eq. (28). Previous studies by Naterer
and Schneider* have utilized this type of diffusion coefficient to
reduce dispersion errors and to eliminate nonphysicalnumerical re-
sults in shock-wave predictions. The entropy-based approach also
provides additional aspects of numerical stability in the computa-
tions. In particular, the numerical results converge to the unique
and physically correct final solution in Fig. 4b. Further testing of
this problem with different initial conditions reveals that the final
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results are independentof the initial conditions. These observations
suggest that the current numerical formulation satisfies the funda-
mental propertiesof entropy stability as outlinedby Lax' and Majda
and Osher,” among others.

For the case of supersonic flow in the diverging section, Fig. 4c
shows the computed and exact temperature and Mach number
results for x <5 m (converging section). The accuracy of these
computed results is also good. The Mach number increases from
Ma = 0.3 at the inlet to a sonic and choked condition (Ma = 1) at
the nozzle throat. The current PINS upwind scheme, i.e., a, =a;
in Eq. (30), provides several attractive features for predicting accu-
rate solutions. Its directional upwinding capabilities, as seen by the
two-dimensional upwinding schematic in Fig. 1b, tend to reduce
false diffusion errors.'* The upwinding interpolation is also flow
strengthdependent,so thatan appropriatebalancebetweenupstream
and downstream influences, based on the local velocity magnitude,
can be achieved. Its dependence on the local integrationpoint veloc-
ity and pressure fields provides an effectiveenhanced grid resolution
becauseit models the appropriatefluid flow physicsat both the inte-
gration point and control volume levels. The interpolationincludes
all of the relevant physical influences and couplings that affect the
flow variables.

A quantitative assessment of numerical accuracy and grid sensi-
tivity has also been examined. For the flow resultsin the converging
section, i.e., Fig. 4c, it can be observed that the resulting error in
computing the temperatureratio, at various points within the nozzle,
is approximately 2% at most, in comparison with the exact solution.
Also, the maximum error in estimating the Mach number at various
locations is approximately 2%. Differences between the computed
and exact results are generally less than 1.6% at most node points.
Grid refinements in the axial direction, i.e., 2 x 50 elements and
2 x 100 elements, revealed that the error levels were reduced as the
number of elements increased. Also, grid refinements in the trans-
versedirection,i.e.,2 x 50elementsand4 x 50 elements,confirmed
the quasi-one-dimensioml flow character, as negligible differences
between various grid results along the nozzle centerline were ob-
served. These very accurate results, in comparison with the exact
solution, suggested that the present mesh configurations were ade-
quate for the current numerical studies. In addition, other grid sen-
sitivity studies with the current finite element scheme have shown
that the numerical error decreases approximately quadratically as
gridrefinement is effected.'® In other words, second-orderaccuracy
has been verified (see Appendix).

Figures Sa-5d show steady-state density, velocity, pressure, and
temperature distributions, respectively, for the three example cases.
For the entirely subsonicflow, the flow acceleratesin the converging
section until a point of maximum velocity and minimum pressure is
reached at the throat. Then the flow deceleratesin the diverging sec-
tion until it reaches the prescribed outlet condition. However, in the
supersonic flow example, the maximum Mach number (Ma =2.2)
occurs at the outlet because the flow continually acceleratesthrough
the diverging section of the nozzle to meet the prescribed outlet
condition.

Two-Dimensional, Blunt-Body Impingement Problem

This problem examines supersonic flow impingement against a
blunt object within a channel (Fig. 6a) to demonstrate the scheme’s
applicability to multidimensionalproblems. At the left boundary, all
problem variables are set constant and equal to their initial values
(T, =300 K, Ma,, =3.0, and p,, =1.18 kg/m?). Along the up-
per and lower boundaries, zero normal velocity and zero tangential
stress conditions are specified. Neumann conditions, i.e., zero nor-
mal gradient conditions, are imposed along the outflow boundary.
A time step of At =0.02 ms and a 358-node spatial discretization
were employed in the computations. Note that the blunt step in this
problemis an inactive regionin the finite element mesh rather than a
blocked region, which would entail further computations in typical
finite difference schemes.

Figures 6b-6d show the steady-state Mach number and pressure
results,respectively.The curved shock wave strikesthe lower bound-
ary, and it is captured over three to four nodes. The detached shock-
wave location along the line of symmetry is approximately 1.15

step height units in front of the blunt surface, and the shock posi-
tion in front of the blunt corner is approximately 1.05 step height
units. These results compare well with other literature results, i.e.
see Ref. 19.

In this problem, the curved sonic line (Ma = 1) divides the do-
main between the upstream supersonic region and the downstream
subsonic region. Unlike the earlier example, where choked nozzle
conditionslimitthe zone of influence, downstreamdisturbances,i.e.,
outflow boundary conditions, in this problem affect the sonic line
position and the supersonic upstream structure. In the current PINS
scheme, the integrationpointequationsdirectlyrelate the nodal pres-
sure to the local integration point velocity and, thus, the sonic line
position. Therefore, a large pressure difference between adjacent
nodes is accompanied by a large fluid acceleration or viscous force,
i.e., shock-wave dissipation, between the shock-capturing points
in Figs. 6b-6d. By improving the upwinding procedure, the PINS
scheme is able to provide the analogous physical influences be-
tween pressure and velocity at the integration point that standard
finite volume schemes provide at the control volume level.

Conclusions

A relationship between convection-diffusion modeling in finite
volume procedures and a local form of the second law of thermo-
dynamics has been established. Specific aspects of integration point
models, such as incomplete couplings between the local velocity
and pressure fields, may lead to negative production of generalized
or computationalentropy. However, the proposed PINS scheme pro-
vides an effective link between integration point variables that en-
sures a positive local entropy productionrate. The local form of the
second law is enforced by additional pressure and source terms in
the discretized momentum transport equation. Applications to both
one- and two-dimensional problems demonstrate the good accuracy
and performance of the method. The role of generalized entropy
in compressible flow computations has been successfully extended
to the understanding of integration point approximations in finite
volume methods. It forms a basis from which further developments
in numerical upwinding schemes can be achieved.

Appendix: Order Accuracy
The order accuracy of the convection terms can be establishedby
a Taylor series analysis. We must estimate the error in the approxi-
mation of ¢ at the control volume surface due to the discretization
of the integration point equation. The integration point equation for
an arbitrary scalar ¢ can be written in the following form:

oVh,+6 =0 (A1)

where the subscript ,m denotes differentiation in the streamwise
direction, ¢ includes all transport terms except convection, and V
is a linearized approximate integration point velocity such as the
value from a previoustime step. Using a skew upwind operator (see
Fig. 1b),
’ ’
pV’(—¢ ¢”> +5' =0 (A2)
L

where the primes refer to inexact numerical values. Assuming that
the local streamline intersects the volume edge between local nodes
2 and 3, then linear interpolation between ®, and &3 may be em-
ployed for the approximation of ¢:

¢, = (a/b)®, + [1 — (a/b)] P4 (A3)

The order accuracy of this interpolation is determined by first
forming a Taylor series expansion about the location of ¢, :

= ¢, + (b —a)(¢,) + 300 —a) () + Ol —a)’] (A4)

q>3 = ¢u - a(¢.n) + éaz(¢.nn) + O(ﬂ’;) (AS)

where the local coordinate n is parallel to the element edge. Com-
bining Egs. (A3-AS5),

9, = b + OB (A6)
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which proves that the linear interpolation for ¢, is second or-
der. Because the integration point velocity magnitude V is ex-
pressed using the bilinear interpolation of the shape functions, it
is also second order. Then, if the terms in o are at least first order,
Eq. (A2) becomes

Lé + LO(L)

o T LUE) 2
SVt pO2) + O®) (A7)

¢/ = ¢u -

Expanding the second term on the right-hand side of Eq. (A7) by

partial fractions,

Lé +LO(L) [Lo L&VO(L?) O(L?)

oY+ pO(L?) [p_V ~ pVO(LY) + pVZ} [pV + pO(U)}
(A8)

IfV=0O(L/T), where T is a representativetimescale for the prob-

lem, then |O(L?)/V| < 1 as the mesh is refined. Applyinga binomial
expansion and combining Eqs. (A7) and (A8),

¢ = ¢, — (Lo /pV) + Ob*) + O(L?) (A9)

Applying a Taylor series expansion about the current integration
point,

b= — L(p)ip + (L*/2)(@mm)ip + O(L?) (A10)
Thus, from Eq. (A10) and the original differential equation,
¢ = ¢ — (Lo /pV) + O(L?) (A11)

Comparing this exact expression to the approximate value in
Eq. (A9),

¢'=¢+OWb%) (A12)

which proves that the integration point variable is second order.
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