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Constructing an Entropy-Stable Upwind Scheme
for Compressible Fluid Flow Computations

G. F. Naterer¤

Lakehead University, Thunder Bay, Ontario P7B 5E1, Canada

A relationship between entropy processes and numerical upwinding is examined in the context of computational
gasdynamics.A discretized form of the entropy inequality is constructed at the integration point where convection–

diffusion modeling occurs in � nite volumemethods. Conventionalupwinding schemes may violate the local form of
the second law of thermodynamics, but a modi� ed upwinding scheme uses additional momentum constraints and
pressure terms to provide a positive entropy production rate. The second law is seen as an important quantitative
measure of nonphysical numerical results, as well as a sound basis for error analysis. Applications to converging–

diverging nozzle and blunt-body � ow problems demonstrate the promising performance of the overall numerical
algorithm.

Nomenclature
A = area
a1; a2; a3; a4 = upwind scheme coef� cients
cp; cv = speci� c heats
D = diameter
Ec = Eckert number, u2=.cp1T /
e = total energy
F = entropy � ux
f = � ux of conserved quantity
L = length, m, or differential operator
Pm = mass � ow rate
n = normal vector
P = pressure
PPs = entropy production rate

q = conserved quantity
R = gas constant
S = entropy
T = temperature
t = time
u; v = velocity components

= linearized integration point velocity
x; y = coordinate directions
® = weighting factor for hybrid upwind scheme
0 = diffusion coef� cient
° = ratio of speci� c heats
± = discretizationerror
¹ = dynamic viscosity
½ = density
¿ = stress tensor or time integration variable
Á = general scalar

Subscripts

i = grid point location
ip = integration point
u = upstream direction
x; y = coordinate directions
z = evaluation at point z
; z = partial derivative with respect to variable z
0 = reference value
1; 2; 3 = local nodes
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Superscripts

n = previous time level
n C 1 = current time level

Introduction

T HE role of generalizedentropy in the Euler equationsfor mod-
ern numerical methods is an important concept, but its inter-

pretation in physical terms is dif� cult. The Euler equations neglect
viscousand heat transfereffects;nevertheless,physicalentropypro-
duction is solely dependent on these processes. However, recent
developments have identi� ed and classi� ed two distinct aspects of
entropy: 1) natural or physical mechanisms and 2) computational
mechanisms. Entropy measures the degree of chaos or randomiza-
tion, and this disorder can be interpreted in a physical sense (a
traditional view) and/or a computational sense (a recent view). The
traditionalviewmay be tracedto a presentationby theGermanmath-
ematical physicist Rudolf Clausius in 1850 on the value of entropy
in relation to steam engine performance.The recent view has arisen
with the advent of digital computers, and it considers entropy in
terms of discretizationerrors, arti� cial dissipation,and nonphysical
numerical results.1– 5

This recent computational view has included connections be-
tween solution uniqueness, numerical stability, overall accuracy,
and the second law. For example, Lax1 implemented a discrete en-
tropyequationto identifyphysicallyrelevantanduniquesolutionsin
� nite difference compressible � ow simulations. Harten6 then sym-
metrized the governingequations througha changeof variables(en-
tropygradientvariables) to improve the stabilityand performanceof
iterative algebraic solvers. Also, Merriam3 has shown that satisfac-
tion of the second law is suf� cient, in some cases, to ensure stability
of compressible � ow computations. This numerical stability also
suggested that entropy could serve as an effective candidate for so-
lution convergence criteria. In this regard, Camberos7 has shown
that entropy can provide an effective measure of residual error and
convergencebecause it gives a physically signi� cant quantity with
a full functional dependence on all � uid state variables. In terms
of accuracy, Naterer and Schneider4 have demonstrated that solu-
tion errors and nonphysical phenomena, such as numerical oscil-
lations, often coincide with a violation of the second law within
a control volume. In other words, solution accuracy and entropy
production are closely related in a numerical sense. Conventional
error studies, such as Taylor series expansions,only indicate the be-
havior of numerical errors as grid re� nement is effected. However,
in many cases, the mathematical analysis lacks a physical inter-
pretation, and it generally cannot identify errors for coarse grids.
Unlike entropy analysis, it also typically cannot identify nonphysi-
cal aspectsof the numerical results.Thus, unlikeTaylor seriesmeth-
ods, it appears that the second law can provide a physical basis for
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connectionsbetweenstability,convergence,reliability,andaccuracy
of simulations.

During a parallel stage of developments, the � rst Navier–Stokes
solvers appeared with implicit solutions of three-dimensional vis-
cous compressible � ows. Important early developmentswere docu-
mented by the MacCormack and Baldwin8 second-order time-split
scheme and the ARC2D and ARC3D codes of Pulliam and Steger.9

Subsequent advances involved aspects such as boundary-layer and
shock-wave interactions, unstructured grids, i.e., � nite elements,10

and conservation-basedprinciples, i.e., � nite volumes.11 However,
a great deal of effort and dif� culty arose from error analysis and
overall generality and robustness of the numerical codes. Solutions
were very sensitive to time steps and grid spacing or a variety of
empirical constants in the schemes. Rigorous order accuracy often
could not be determined. Complicated problems required special-
ized tuning of coef� cients, but the tuning would be altered for each
new problem. More grid points and faster computers could achieve
more accurate solutions,but they could not necessarilybring a more
robust or stable algorithm. In terms of an overall observation,many
numerical methods lacked a uni� ed approach to error analysis. Im-
plementation of entropy was absent from these developments. A
missing link between error analysis and the earlier generalized en-
tropy studies would soon emerge.

Uni� ed treatments of generalized entropy, � nite elements, and
viscouscompressible� ows have appearedin recent studies.Hughes
et al.2 produced � nite element schemes that satisfy the second law
in a global sense. However, numerical oscillationsmay occur in in-
dividual elements because the second law is not enforced at a local
level. Merriam3 presented a general methodology for satisfying the
entropy inequalityon a cell-by-cellbasis. A generalmethod of anal-
ysis rather than a speci� c � nite element or � nite volume scheme is
presented. Entropy-based corrections for error reduction were im-
plemented for compressible � ows by Naterer and Schneider4 and
duct � ows by Nellis and Smith.12 These recent developments im-
proved our understanding of the role of generalized entropy in nu-
merical simulations, but speci� c studies of the impact on various
discretizationissues, such as � nite volumemodeling, remain sparse.

Finite volume methods are commonly employed for compress-
ible � ow computationsbecauseof their conservationand physically
based discretization.13 The discrete equations are obtained by inte-
gration of the governing equations over discrete volumes and ap-
proximations of the convection–diffusion terms at the midpoint of
the volume surface (integration point). The dif� culty with entropy
implementation in � nite volume schemes is twofold: 1) Conserva-
tion laws are equalities, but the second law is an inequality; and
2) discretization occurs at two distinct levels (volume/nodal level
and surface/integration point level). Adequate representation of an
entropy inequality should be achieved at both nodal and integra-
tion point levels. Although extensive research has focused on the
accuracy of convection–diffusion modeling, i.e., see Ref. 14, sim-
ilar investigations of integration point entropy processes have not
occurred. In effect, a link between convection–diffusion modeling
and entropy-based error analysis has been neglected. Inadequate
upwinding accuracy may be related to entropy processes. Momen-
tum and entropy transport at the integration point need to be more
closely examined for possibleconnectionsin terms of discretization
processes and accuracy.

In this paper, a step-by-step process is followed to construct a
� nite volume scheme that obeys the second law at the integration
point.The discretizationemploysa control-volume-based� nite ele-
ment method.During the developmentof the entropydiscretization,
it is observed that the upwinding scheme plays a critical role in the
entropy inequality.Conventionalupwinding methods are examined
in terms of entropy transport, and an entropy-stableapproach, or an
approach that obeys the local form of the second law, is constructed
by a set of momentum transportconstraints.The method is then suc-
cessfullyapplied to a one-dimensionalconverging–divergingnozzle
problem and a two-dimensionalblunt-body � ow.

Governing Equations
The governingequations for viscous compressible � uid � ow and

heat transfer are the Navier–Stokes equations. In the following two-
dimensionalequations,several assumptionsare invoked:1) laminar

� ow of an ideal gas, 2) zero source/sink terms, 3) negligible radia-
tive heat transfer, and 4) constant thermophysicalproperties. In ad-
dition, the subsequententropyanalysisconsidersspeci� c examples,
including 1) accelerating � ow in a converging nozzle, 2) subsonic
converging–diverging nozzle � ow, and 3) general duct � ows with
friction. In these case studies, a steady state is also assumed. The
entirenumericalscheme is then applied to the converging–diverging
nozzleproblemfor subsonicandsupersonic� ows, aswell as a mixed
� ow with a shockwave. Finally, its performancein two-dimensional
problems is examined by an application to a blunt-body � ow
simulation.

Let us de� ne a vector of conservedquantitiesq and a correspond-
ing � ux f with an advective component f a and a pressure p and
diffusive component f d :

q D
½
½u
½v
½e

f D
½u ½v
½uu ½uv
½vu ½vv

.½e C p/u .½e C p/v

(1)

¡
0 0

¡p C ¿x x ¿x y

¿yx ¡p C ¿yy

u¿x x C v¿x y ¡ jx u¿x y C v¿yy ¡ jy

The heat � ux vector j in Eq. (1) can be related to temperature T by
Fourier’s law.

For each conserved quantity, there exists a corresponding trans-
ported scalar Á. For example, x momentum is conserved (q2 D ½u)
and the scalar Á D u is transported by the � ow in the momentum
transportequation.With this interpretation,the governingequations
can then be written in a conservation form as

@q
@t

C r ¢ f a C r ¢ f d D 0 .2/

or a nonconservationtransport form (excluding continuity) as

½
@Á

@t
C ½v ¢ rÁ C r ¢ f d D 0 .3/

The components of the stress tensor ¿ in Eq. (1) are

¿x x D 2¹
@u

@x
¡

2

3
¹

@u

@x
C

@v

@y
.4/

¿x y D ¹
@u

@y
C @v

@x
D ¿yx .5/

¿yy D 2¹
@v

@y
¡ 2

3
¹

@u

@x
C @v

@y
.6/

In addition, the ideal gas law, p D ½ RT , and the relations° D cp=cv

and R D cp ¡ cv , where cp and cv refer to speci� c heats, allow cal-
culations of pressure

p D .° ¡ 1/½ e ¡ 1
2
u2 ¡ 1

2 v2 .7/

Computational Formulation
The problem domain is subdivided into � nite elements. For one

dimension,Fig. 1a shows the grid structure,and for two dimensions,
Fig. 1b shows the appropriate schematic de� nitions. In one dimen-
sion, a control volume is de� ned by the two adjacent half-elements
surrounding each node and the integration points are located at the
controlvolumesurfaces.The integrationpoint residesat the element
midpoint.Isoparametric,linear-shapefunctionsareusedwithineach
element to represent the variation of the dependent scalars in terms
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a) One dimensional

b) Two dimensional

Fig. 1 Grid structures.

of nodal variables. Integrating Eq. (2) over a control volume and
time step,

V

q.t C 1t/ dV ¡
V

q.t/ dV C
tC1t

t S

f ¢ n dA d¿ D 0 .8/

The discreteequationscan be obtainedby integrationover a speci� c
time interval t n · t · tn C 1 and also the one-dimensional volume
xi ¡ 1=2 · x · xi C 1=2 for the case of the conservationequations.The
discretized conservationand nonconservationforms of the govern-
ing equations, Eqs. (2) and (3), respectively, then become in con-
servation form

qn C 1
i ¡ qn

i

1t
C fi C 1=2 ¡ fi ¡ 1=2

1xi
D 0 .9/

and in nonconservationform

Án C 1
i ¡ Án

i

1t
C

1

1xi ip

Pm ipÁip ¡ 0ip
@Á

@x ip

D sources .10/

where sources refers to the remaining terms in the governing equa-
tion.The pressure,diffusion,andsourceterms in Eq. (9) aremodeled
by linear interpolationand the � nite element shape functions. This
approach is consistentwith the elliptic nature of diffusion and pres-
sure in� uences. In two dimensions,the advectioncomponentdiffer-
ences in Eq. (9) are instead based on upstreamdifferences(Fig. 1b).
Diffusion, pressure, and source terms are also handled with a linear
interpolationof elementnodalvaluesand shape functions.However,
in two dimensions, four isoparametric,bilinear shape functions are
employed (four nodes per element) rather than the two functions in
the one-dimensionalcase.

To specify a well-posed algebraic system, the advection terms in
Eq. (10) at the integration points also need to be related to nodal
variables.For these terms, consider the transportof a scalarquantity
Á acrossa controlvolumesurface,or integrationpoint,such as Á D u
in the momentum equation. Several approaches have been used in
numerical schemes to estimate an integration point value such as
Ái C 1=2. The following methods represent the current conventional
approaches.

Upwind Differencing Scheme
The approximation Ái C 1=2 D Ái represents an upwind differenc-

ing scheme(UDS). In two-dimensionalproblems,an analogouspro-
cedure is the skewupwinddifferencingscheme (SUDS), which uses

the local � ow direction to determine the appropriateupstream loca-
tion for the scalar variable approximation.This � rst-order upwind-
ing is robust, but it omits the in� uence of pressure forces on the
integration point velocity. It would appear that this omission might
create nonphysical solutions. For example, a large pressure gradi-
ent in a � ow� eld would have no direct in� uence on the integration
point velocity, and this anomaly might impose a direct violation of
the second law.

Central Differencing Scheme
The central differencing scheme (CDS) uses linear interpolation

between adjacentnodal values to � nd the integrationpoint variable,
i.e., Ái C 1=2 D .Ái C Ái C 1/=2. This approachyields second-orderac-
curacy. Although CDS improves accuracy, it also produces numer-
ical wiggles and violates the second law with this nonphysical so-
lution behavior, i.e., see Ref. 4.

Hybrid Schemes
Convection models may employ some combination of adjacent

nodal values for the integration point approximations. For exam-
ple, hybrid schemes such as the exponential differencing scheme
(EDS) have been developed to provide the correct balance between
UDS and CDS in� uences based on the local grid Peclet number
(Pe D ½u i 1xi=0) (Ref. 14). The EDS scheme obtains a smooth
transition from the CDS scheme for Pe ! 0 to the UDS scheme for
Pe ! 1. Neglecting transient,pressure, and source terms in Eq. (3)
and solving the resultingequationsubject to speci� ed values of Á at
the nodes yields the EDS solution. Evaluating Á at the integration
point with this EDS solution,

Ái C 1=2 D [.1 C ®/=2]Ái C [.1 ¡ ®/=2]Ái C 1 .11/

where

® D 1 ¡ 2.ePe=2 ¡ 1/

ePe ¡ 1
¼

Pe2

5 C Pe2 .12/

and the latter approximation is often employed to reduce the com-
putationalexpenseof frequent exponentialcalculations.14 Although
the correct Peclet number behavior is achieved, this scheme is only
� rst-orderin terms of the Taylorseries truncationerror.Higher-order
schemes, such as the quadratic upstream interpolation for convec-
tion kinetics (QUICK)15 scheme, reduce the discretizationerrors by
using quadratic interpolation for integration point values. Also, � -
nite elementdifferentialschemes (FIELDS) solvean approximation
to the governingequationsat the integrationpoint to incorporatethe
local � uid physics, such as local pressure and source term effects.16

Although it includes the relevantphysical in� uences, it remains un-
determined whether the FIELDS discretization is consistent with
the second law.

The objectivehere is to constructan integrationpoint scheme that
will provideentropy-stablesolutions.The term entropystable refers
to numerical stability, and it has been documented that the second
law provides a quantitative measure for ensuring stable computa-
tions through the sign of the discretized entropy production rate,
i.e., see Ref. 4. Solutions that obey the second law exhibit proper
physical characteristics.However, the problem is dif� cult because
the conservation equations are equalities, whereas the second law
is an inequality. In the following section, we will examine the role
of entropy and how it can be utilized with the current numerical
formulation to provide accurate convection–diffusion modeling at
the integration point.

Role of Generalized Entropy
A � uid that is governed only by the conservation laws in Eq. (2)

could display very unusual behavior because it is not sensitive to
the direction of the process required by the second law of ther-
modynamics. For example, from experience, it is improbable that
heated � uid parcels could become suf� ciently organized to inde-
pendently produce a cold fast jet and, therefore,completelyconvert
all thermal energy to kinetic energy. The second law states that the
statistical probability of observing this event is very small. Alter-
natively, the second law states that entropy, which is a property
of matter that measures the degree of disorder at the microscopic
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level, can be produced but never destroyed in an isolated system.
Generalized entropy suggests that these observations also apply to
computations, i.e., numerical approximations should not produce
nonphysical results.

The secondlaw of thermodynamicscanbe stated in a form similar
to Eq. (2):

PPs ´ S;t C F;x ¸ 0 .13/

where the subscript notation with a comma refers to differentia-
tion. For example, the subscript ;x refers to a partial derivativewith
respect to x in one dimensionor the divergenceoperator in multidi-
mensions. Also, S.q/ and F.q/ are the thermodynamicentropy and
entropy � ux, respectively,where

S D ½s (14)

F D ½us (15)

and s is the speci� c entropy,

s D cv log
p=p0

.½=½0/°
.16/

In Eq. (16), the subscript 0 refers to values at a speci� ed initial
state. In Eq. (13), the equality refers to reversible processes,and the
inequality refers to irreversibleprocesses.Also, Eq. (15) employs a
one-dimensionalapproximation.

For the general case of a simple compressible substance, the
entropy and entropy � ux must obey two important properties:
convexity

S;qq < 0 .17/

and compatibility

S;q f;q D F;q .18/

The convexity requirement requires irreversible processes to pro-
duce entropy. It ensures that entropy is bounded from above be-
cause S;qq must be a negative de� nite matrix. The entropy distribu-
tion typically reaches a maximum value at thermal and mechanical
equilibrium. In the compatibility criterion F;q is the entropy � ux
derivative matrix (a second-order tensor) with a vector component
in each of the three coordinate directions. Also, f;q is a third-order
tensor because it denotes a derivative of four � uxes in three direc-
tions with respect to four conservationvariables. The compatibility
condition guarantees the existence of an entropy � ux satisfying the
second law whenever an additional entropy conservation principle
holds for reversible processes.

For a discrete volume, the second law can be stated in a form
similar to Eq. (9),

PPs ´
Sn C 1

i ¡ Sn
i

1t
C

Fi C 1=2 ¡ Fi ¡ 1=2

1xi
¸ 0 .19/

After the solutionof the conservationequations is obtained,an addi-
tional step is required to � nd q.x; t/ from the nodal and integration
point values, so that S.q/ and F.q/ can be properly integrated. We
need to establish an approach that does not violate the second law
during this reconstruction step. In this way, if a negative entropy
production rate arises, it can be attributed to the discretizedconser-
vation equations rather than the entropy inequality, Eq. (19).

We will, therefore, assume that q D qi within the control volume,
where the subscript i refers to node i. This assumption meets the
aforementionedrequirement because a piecewise constant distribu-
tion maximizes the entropywithin each control volumewith respect
to the choice of qi . This can be justi� ed from a fundamental result
of thermodynamics,which states that, for all processesat a constant
total volume and energy, the entropy increases or remains constant.
Thus, when a system is in complete thermal and mechanical equi-
librium, i.e., no further processes occur, then its entropy must be a
maximum. Because the state transition from q.x; t/ to qi is physi-
cally irreversiblein general,the entropycontainedwithin an isolated
control volume must increase and achieve a maximum value at the

equilibrium state q.x; t/ D qi . In addition, it will be assumed that
q is piecewise constant, at its integration point value, along each
control surface.

The calculations of f and q at the integration points in Eq. (9),
and thus the entropy � ux values in Eq. (19), comprise an important
aspectof the scheme’s overallaccuracy.This aspectof thediscretiza-
tion is called the integration point convection–diffusion modeling
or simply the upwindingscheme. The following section outlines the
method by which the second law can be directly connected to the
discretization of the relevant transport equation at the integration
point.

The unique advantage of this second law approach is its poten-
tial ability to give an upwind scheme with several desirable fea-
tures: physically plausible solutions, stable computations, solution
uniqueness, ef� cient convergence properties, etc. A variety of re-
searchershavecon� rmed that satisfactionof the secondlawprovides
a quantitative mechanism to ensure these desirable features. In ad-
dition, three examples in the following section will serve to explain
the various aspects of the entropy-based model and, thus, give a
physical basis for the described desirable features and properties.
Conventional schemes, such as upwind or central differencing, are
compared from this entropy perspective, and an alternative scheme
[physical in� uence scheme (PINS)] that satis� es the second law is
then constructed.

Upwinding and the Second Law
Recall the entropy inequality for control volume i ,

PPs D
SnC1

i ¡ Sn
i

1t
C

Fi C 1=2 ¡ Fi ¡ 1=2

1xi
¸ 0 .20/

The � rst term may be expanded with a truncated Taylor series:

Si D Sn
i C S;t .t ¡ t n/ C 1

2
S;tt .´/.t ¡ t n/2 .21/

where t n · ´ · t . Similarly, de� ning qi · ³ · qi C 1=2 and expanding
the latter term in Eq. (20),

Fi C 1=2 D Fi C F;q.qi C 1=2 ¡ qi / C 1
2
F;qq.³ /.qi C 1=2 ¡ qi /

2 .22/

If q is a scalar, then the squared term in Eq. (22) represents a scalar
multiplication.Otherwise, if q is a vector, then the term is evaluated
by the product of the vector and its transpose. In a similar fashion,
we can expand the entropy � ux about the other integration point:

Fi ¡ 1=2 D Fi C F;q.qi ¡ 1=2 ¡ qi / C 1
2
F;qq.³ /.qi ¡ qi ¡ 1=2/

2 .23/

Substituting these relations into Eq. (20),

PPs D S;t C F;q
qi C 1=2 ¡ qi ¡ 1=2

1x

C 1

2
S;t t 1t C F;qq

.qi C 1=2 ¡ qi /
2 ¡ .qi ¡ qi ¡ 1=2/

2

1x
(24)

Using the compatibility condition and simplifying the � rst term in
Eq. (24),

PPs D S;q q;t C f;q
qi C 1=2 ¡ qi ¡ 1=2

1x
C 1

2
S;tt 1t

C F;qq
.qi C 1=2 ¡ qi /

2 ¡ .qi ¡ qi ¡ 1=2/
2

1x
(25)

Although this equation expresses the entropy production rate in
terms of several problem variables, it is dif� cult to implement or
verify the positive de� nite character of individual terms. Instead,
we will simplify the � rst term with another Taylor series:

qi C 1=2 D qi C q;x .xi ¡ 1=2 ¡ xi / C 1
2 q;x x .xi C 1=2 ¡ xi /

2 .26/

Writinganothersimilar expansionaboutx D xi ¡ 1=2 and substituting
the results into Eq. (25),

PPs D S;q.q;t C f;x / C 1
2
S;tt 1t ¸ 0 .27/
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Fig. 2a Conventional upwind coef� cients.

The row vector S;q in Eq. (27) represents a rate of change of en-
tropy with respect to a speci� c conserved quantity. If the conserva-
tion equations are solved in an exact fashion, then the � rst term in
Eq. (27) vanishes and the second term remains positive to satisfy
the entropy inequality. Note that Eq. (27) remains valid at both the
control volume level, where the overall conservation equations are
applied, and the integration point level, where assumptions regard-
ing convecting quantities, such as Ái C 1=2 D Ái (UDS scheme), are
employed. In the latter case, violation of the inequality in Eq. (27)
may lead to observed errors, such as false diffusion in the case of
UDS or oscillationsin the case of CDS. Thus, the convectionmodel-
ing at the integrationpoints should be governedby the same entropy
requirements as the overall conservationequation.

Using the nonconservationtransport form of the governingequa-
tions, Eq. (3), and writing the bracketed componentof the � rst term
in Eq. (27) in its discretized form at x D xi C 1=2 ,

L. Qq/ C ± D a1½
ÁnC1 ¡ Án

1t
C a2½u

Ái C 1=2 ¡ Ái

1xi=2

C a3
Pi C 1=2 ¡ Pi

1xi=2
C a40

ÁiC1 ¡ 2Ái C 1=2 C Ái

1x2
i

(28)

In this form, the exact equation L.q/ D 0, Eq. (3), is replaced by
a discrete approximation, L.Qq/ C ± D 0, where L. / refers to the
differential operator (left-hand side) in Eq. (3) and ± refers to dis-
cretization errors at xi C 1=2. We know that ± ! 0 as grid and time
step re� nement is effected.

Upon close examination of Eq. (28), we notice that it repre-
sents a series of conventional models for integration point approx-
imations: 1) CDS for a1 D a2 D a3 D ± D 0 and a4 6D 0, 2) UDS for
a1 D a3 D a4 D ± D 0 and a2 6D 0, and 3) EDS for a1 D a3 D ± D 0,
a2 D ®=Pe, and a4 D .1 ¡ ®/=2.

Figure 2a shows these coef� cients and their dependence on Pe.
As Pe ! 1, it can be shown from Eq. (28) that ja4j ¿ ja2j, and thus,
the UDS upstreamvalues dominate the downstream in� uenceseven
thougha2 becomessmall.The dif� cultynow is to determinewhether
these coef� cients violate the entropy inequality in Eq. (27).

The � rst term after the equality in Eq. (27) represents a prod-
uct between each component of the row vector S;q and a conser-
vation (or transport) equation represented by each component of
a column vector, i.e., S;q1 (continuity) C S;q2 (momentum transport
equation) C S;q3 (energy transportequation). The numericalentropy
production of each individual contribution should be high enough
to prevent an overall negative sum and a violation of Eq. (27). The
effect of a particular transport equation, such as the momentum
transport equation, can be examined by assuming that the remain-
ing transport equations closely approximate their exact solutions,
and thus their contributions to the aforementioned vector product
are negligible. In addition, let us consider steady-state problems
(a1 D 0). We can then assemble individual terms and examine their
signs.

To clarify the results, let us consider the physical interpretation
of individual terms in the entropy analysis for the following three

Fig. 2b Rate of entropy change. (Note: Sq3 subsonic and Sq3 super-
sonic results are coincident along the upper positive-de� nite curve.)

examples. These examples include interpretations for an accelerat-
ing � ow in a convergingnozzle, converging–diverging nozzle � ow,
and other general duct � ows with friction.

Example 1: Interpretation for Accelerating Flow
in a Converging Nozzle

Recall that the row vector S;q in Eq. (17) refers to a rate of change
of entropy with respect to a conserved quantity. For example, if
the x momentum (q2 D ½u) increases by an incremental amount
dq2, where d refers to differential, as a � ow accelerates through a
converging nozzle, then the term S;q2 dq2 represents the associated
entropy increase. The term Sq dq would represent the cumulative
effect of changes in all conserved quantities on the entropy change.
From Eqs. (1), (7), (14), and (16), we can calculate this entropy
derivative:

S;q D sCcv ¡° C
.° ¡ 1/½u2

2P
; ¡cv

.° ¡ 1/½u

P
; ½cv

.° ¡ 1/

P

(29)

The componentsof S;q in Eq. (29) are shown in Fig. 2b for thecaseof
air with ° D 1:4, T D 300 K, ½ D 1:16 kg/m3 , cv D 717:4 J/kgK, and
p0 D 101 kPa. In Eq. (29), we can observe that, for one-dimensional
� ows from left to right, the sign of S;q1 may be positive or negative
but S;q2 · 0 and S;q3 ¸ 0. Thesepropertiescanbeobservedin Fig. 2b.
In physical terms, for the earlier nozzle example, this implies that
the entropywould decreasewith a positivechangedq2 becausethere
would be more certainty with the whereabouts of a � uid parcel in
the converging duct. In Fig. 2b, it can be seen that this uncertainty
principle also affects the magnitude of the entropy change; jS;q2 j
for supersonic � ow is larger than the correspondingsubsonic value
at a � xed pressure. On the other hand, the entropy increases with
a positive change in dq3 because the higher degree of molecular
disorder associated with the increased thermal energy implies that
its entropy must also increase.

Example 2: Interpretation for Subsonic Converging–Diverging
Nozzle Flow

From Eqs. (28) and (29), we can construct the entropyproduction
rate associated with momentum discretization,

.S;q f;x /2 D
¡cv.° ¡ 1/½u

P
a2½ Nu

ui C 1=2 ¡ ui

1xi=2

C a3
Pi C 1=2 ¡ Pi

1xi=2
C a40

u iC1 ¡ 2u i C 1=2 C u i

1x2
i

(30)

Equation (30) demonstrates a set of necessary constraints on con-
ventional upwind schemes to satisfy the entropy inequality. For
example, consider an accelerating � ow in a subsonic converging–

diverging nozzle, i.e., @u=@x > 0, just upstream of the throat. If the
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a)

b)

Fig. 3 Regions that satisfy the entropy constraint in terms of a) Ec and
b) D/L sensitivity.

� ow remains subsonic, then it will begin to decelerate upstream of
the throat due to the upcoming area expansion in the duct. As a
result, the concavityof the velocitypro� le changes in the region up-
stream of the throat from concaveupward to concavedownward, or,
in other words, a convexpro� le exists upstreamof the throat. Under
these conditionswith CDS, UDS, SUDS, or EDS schemes (a3 D 0),
we notice that S;q f;x < 0 in Eq. (30) and the entropy inequality in
Eq. (27) is violated. In practice,viscous terms are negligibleoutside
of the boundary layer in this case; nevertheless, Eq. (30) remains
negative for accelerating � ows, and thus we must modify the up-
winding to prevent negative entropy production. For example, the
schemes may apply the approximationto decelerating� ows instead
or modify the upwinding with additional terms.

Let us construct an upwind scheme by imposing a momentum
constraint on the pressure terms in Eq. (30) to satisfy Eq. (27). An
appropriate pressure in� uence at the integration point may prevent
the problem in the aforementioned example with an accelerating
� ow. For steady � ow, Bernoulli’s equation can be written in the
following form17:

Pi C ½
u2

i

2
D Pi C 1=2 C ½

u2
i C 1=2

2
C losses .31/

where losses¸ 0 represent frictional losses. Notice that the velocity
terms in Eq. (31) may be factored in the following form:

Pi ¡ Pi C 1=2 C ½ Nu.u i ¡ ui C 1=2/ D losses .32/

where Nu D .u i Cui C 1=2/=2. It is now evident fromEqs. (30) and (32)
that, if we set a2 D a3 for PINS and a4 ¼ 0 (negligible downstream
in� uences for high Peclet number case), then the losses may be
isolated, and Eq. (30) may be rewritten as follows:

.S;q f;x /2 D 2
a2cv .° ¡ 1/½u

1xi P
.losses/ ¸ 0 .33/

a)

b)

c)

Fig. 4 Converging–diverging nozzle: a) schematic with geometry and
numerical results for examples with b) shock wave and c) supersonic
� ow.

The second law requirement in Eq. (27) is now satis� ed by the
proposedPINS scheme. In addition,it can be shown that this scheme
exhibits second-order accuracy (see Appendix).

Example 3: Interpretation for General Duct Flows with Friction
A detailed comparison between the PINS scheme and other con-

ventional schemes (subscript o), such as CDS, UDS, SUDS, and
EDS schemes, will now be examined and interpreted in the con-
text of general duct � ows with friction. Recall the de� nition of the
wall shear stress, ¿w D f½u2=2, for incompressible � ows, where f
refers to the friction factor. This de� nition shows good agreement
with experimentaldata for incompressible� ows, aswell as subsonic
compressible � ows17; experimental data for supersonic and hyper-
sonic � ows are sparse. De� ning G D .S;q f;x /2 and Ec D u2=cp1T
(Eckert number), then the difference between upwind schemes can
be computed using the ideal gas law with the following result:

GPINS ¡ Go D 2
a2;ocv.° ¡ 1/½u

1xi P

a2;PINS

a2;o
¡ 1

¡ 2.° ¡ 1/

°

D

L

1
f Ec

.losses/ (34)
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a) Density

b) Velocity

c) Pressure

d) Temperature

Fig. 5 Results of converging–diverging nozzle.

The criticalpoints, QEc and QD=L , where this differencechangessigns
can be readily computed:

QEc D 2.° ¡ 1/

° f

D

L

a2;o

a2;PINS ¡ a2;o

(35)
QD
L

D
a2;PINS

a2;o

¡ 1
°

2.° ¡ 1/
f Ec

Thus, conventionalschemesareguaranteedto exhibitentropy-stable
behavior only for low Eckert numbers below the critical points.
These trends are shown in Fig. 3, where the following sample con-
stants have been selected: ° D 1:4 (air), a2;PINS D a3;PINS D 1, and
Pi ´ cv.° ¡ 1/½ui .losses/.a2;PINS ¡ a2;o/=1xi . Below the critical
points, GPINS < Go, but GPINS ¸ 0 for all Eckert numbers, and thus
Go ¸ 0 is guaranteedalso in this region. However, above the critical
points, the PINS scheme satis� es the entropy inequality in Eq. (27),
but the other schemes may violate it. Both Figs. 3a and 3b show
that the difference GPINS ¡ Go increases with the friction factor at
a speci� c Ec or diameter/length D=L ratio, respectively, because
higher wall friction produces more entropy for a pressure-weighted
scheme than a scheme, such as UDS, without this dependence.Fric-
tion, pressure loss, and entropy productionare, thus, closely related
to the integration point approximations.

Because the currentanalysisconsidersonly the momentumtrans-
portdiscretizationaspectsofEq. (27), theoverallaccuracyor numer-
ical stabilityof a speci� c � nite volumemethod is not formallyestab-
lished. However, each integration point discretization is generally
constructed independentlyof the other transport equations.Thus, if
nonmomentum aspects are considered equivalent, then the present
studiesshow that the PINS schemeis theonlyassuredentropy-stable
approach. The results in the following section will demonstrate the
performanceof the PINS upwind scheme and the overall numerical
formulation.

Application Problems and Discussion
The performance of the numerical model for compressible � ow

computationswill now be examinedby applicationsto two example
problems: 1) a converging–diverging nozzle problem and 2) a two-
dimensional blunt-body impingement problem.

Converging–Diverging Nozzle Problem
In the followingexample, a compressible� uid (air) � ows through

a converging–diverging nozzle with a speci� ed cross-sectionalarea
A.x/:

A.x/ D Ath C .Ae ¡ Ath/[1 ¡ .x=5/]2; x · 5 (36)

A.x/ D Ath C .Ae ¡ Ath/[.x=5/ ¡ 1]2; x ¸ 5 (37)

where 0 · x · 10 m and Ath and Ae are the throat and exit areas
(Ae D 2:035Ath ; see Fig. 4a). Gas properties for air include° D 1:4,
cp D 1004 J/kgK, and R D 287 J/kgK.

In this problem, stagnation pressure (P0 D 93:75 kPa) and tem-
perature (T0 D 300 K) conditions, as well as the inlet Mach number
(Mai D 0:3), are speci� ed. The inlet conditions are also used as
the initial conditions throughout the problem domain. Zero � uid-
penetration conditions are de� ned along the nozzle walls. Uniform
node spacing in the transverse and axial directions with 2 £ 50 el-
ements was employed. Computer simulations were conducted by
marching ahead in time (1t D 0:1ms) from the initial conditions
to the � nal steady-state solution. Approximately 800 iterations (or
time steps) were typically required to achieve the � nal steady state.
In addition, up to 1500 additional iterations were performed after
the steady state to con� rm the stability of the results and to verify
that speci� c aspects, such as shock-wave location, did not change.

Three different back pressures are speci� ed, and these three val-
ues produce the following conditions in the diverging section of
the nozzle: 1) subsonic � ow (Pe D 80 kPa), 2) mixed � ow with a
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a) Domain

b) Mach number

c) Pressure contour results

d) Pressure results: surface plot

Fig. 6 PINS two-dimensional upwinding; note that Ref. 4 develops and applies additional arti� cial dissipation mechanisms in a two-dimensional
context.

shock wave (Pe D 50 kPa), and 3) supersonic � ow (Pe D 8:8 kPa).
If the back pressure is not low enough to induce sonic conditions
at the throat, then the � ow remains subsonic throughout the nozzle
(case 1). As the back pressure is further reduced, the throat even-
tually becomes sonic, and the mass � ux through the nozzle reaches
a maximum value. If the back pressure is reduced below this crit-
ical condition, then the throat remains choked at the sonic value,
and a normal shock wave occurs in the diverging section to meet
the outlet condition (case 2). The design pressure ratio is achieved
when the back pressure is further reduced until the diverging � ow
is entirely supersonic (case 3). This design condition is often used
for the ef� cient operation of a rocket exhaust.

Comparisons between the computed and exact solutions for the
mixed-� ow example are shown in Fig. 4b. The computed shock-
wave position is accurately predicted. Also, the sharpness of its
resolution is very good because it is essentially captured over three
nodes without numerical overshoots or undershoots.Numerical er-
rors are observedwith some numerical smearing downstreamof the
shock wave, where the � uid velocity is slightly overpredicted. If

the discretization errors are examined by a truncated Taylor series
expansion, then even derivative terms are typically associated with
diffusion errors; these errors tend to reduce gradients in the � ow-
� eld. On the other hand, odd derivative terms are often responsible
fordispersionand oscillationerrorsbecausephase relationsbetween
waves in the � ow� eld are distorted.The presentgeneralizedentropy
approachprovidesa physicallybased alternativeto Taylor series ex-
pansionsfor the erroranalysis.For example,the numericalsmearing
in Fig. 4b is a diffusive mechanism and, thus, an entropy-producing
rather than an entropy-destroyingprocess. The entropy-producing
effect of numerical diffusion can be quanti� ed through an equiv-
alent diffusion coef� cient in Eq. (28). Previous studies by Naterer
and Schneider4 have utilized this type of diffusion coef� cient to
reduce dispersionerrors and to eliminate nonphysicalnumerical re-
sults in shock-wave predictions. The entropy-based approach also
provides additional aspects of numerical stability in the computa-
tions. In particular, the numerical results converge to the unique
and physically correct � nal solution in Fig. 4b. Further testing of
this problem with different initial conditions reveals that the � nal
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results are independentof the initial conditions.These observations
suggest that the current numerical formulation satis� es the funda-
mental propertiesof entropystabilityas outlinedby Lax1 and Majda
and Osher,5 among others.

For the case of supersonic � ow in the diverging section, Fig. 4c
shows the computed and exact temperature and Mach number
results for x · 5 m (converging section). The accuracy of these
computed results is also good. The Mach number increases from
Ma D 0:3 at the inlet to a sonic and choked condition (Ma D 1) at
the nozzle throat. The current PINS upwind scheme, i.e., a2 D a3

in Eq. (30), provides several attractive features for predicting accu-
rate solutions. Its directionalupwinding capabilities, as seen by the
two-dimensional upwinding schematic in Fig. 1b, tend to reduce
false diffusion errors.14 The upwinding interpolation is also � ow
strengthdependent,so that an appropriatebalancebetweenupstream
and downstream in� uences, based on the local velocity magnitude,
can be achieved. Its dependenceon the local integrationpoint veloc-
ity and pressure� elds providesan effectiveenhancedgrid resolution
because it models the appropriate� uid � ow physicsat both the inte-
gration point and control volume levels. The interpolation includes
all of the relevant physical in� uences and couplings that affect the
� ow variables.

A quantitative assessment of numerical accuracy and grid sensi-
tivity has also been examined.For the � ow results in the converging
section, i.e., Fig. 4c, it can be observed that the resulting error in
computing the temperatureratio, at variouspointswithin the nozzle,
is approximately2% at most, in comparisonwith the exact solution.
Also, the maximum error in estimating the Mach number at various
locations is approximately 2%. Differences between the computed
and exact results are generally less than 1.6% at most node points.
Grid re� nements in the axial direction, i.e., 2 £ 50 elements and
2 £ 100 elements, revealed that the error levels were reduced as the
number of elements increased. Also, grid re� nements in the trans-
versedirection,i.e., 2 £ 50elementsand4 £ 50elements,con� rmed
the quasi-one-dimensional � ow character, as negligible differences
between various grid results along the nozzle centerline were ob-
served. These very accurate results, in comparison with the exact
solution, suggested that the present mesh con� gurations were ade-
quate for the current numerical studies. In addition, other grid sen-
sitivity studies with the current � nite element scheme have shown
that the numerical error decreases approximately quadratically as
grid re� nement is effected.18 In other words, second-orderaccuracy
has been veri� ed (see Appendix).

Figures 5a–5d show steady-state density, velocity, pressure, and
temperature distributions, respectively, for the three example cases.
For the entirelysubsonic� ow, the � ow acceleratesin the converging
section until a point of maximum velocity and minimum pressure is
reachedat the throat. Then the � ow deceleratesin the diverging sec-
tion until it reaches the prescribedoutlet condition.However, in the
supersonic � ow example, the maximum Mach number (Ma D 2:2)
occurs at the outlet because the � ow continuallyacceleratesthrough
the diverging section of the nozzle to meet the prescribed outlet
condition.

Two-Dimensional, Blunt-Body Impingement Problem
This problem examines supersonic � ow impingement against a

blunt object within a channel (Fig. 6a) to demonstrate the scheme’s
applicabilityto multidimensionalproblems.At the left boundary,all
problem variables are set constant and equal to their initial values
(T1 D 300 K, Ma1 D 3:0, and ½1 D 1:18 kg/m3 ). Along the up-
per and lower boundaries, zero normal velocity and zero tangential
stress conditions are speci� ed. Neumann conditions, i.e., zero nor-
mal gradient conditions, are imposed along the out� ow boundary.
A time step of 1t D 0:02 ms and a 358-node spatial discretization
were employed in the computations.Note that the blunt step in this
problemis an inactive region in the � nite element mesh rather than a
blocked region, which would entail further computations in typical
� nite difference schemes.

Figures 6b–6d show the steady-state Mach number and pressure
results,respectively.The curvedshockwave strikesthe lowerbound-
ary, and it is captured over three to four nodes. The detached shock-
wave location along the line of symmetry is approximately 1.15

step height units in front of the blunt surface, and the shock posi-
tion in front of the blunt corner is approximately 1.05 step height
units. These results compare well with other literature results, i.e.
see Ref. 19.

In this problem, the curved sonic line (Ma D 1) divides the do-
main between the upstream supersonic region and the downstream
subsonic region. Unlike the earlier example, where choked nozzle
conditionslimit the zoneof in� uence,downstreamdisturbances,i.e.,
out� ow boundary conditions, in this problem affect the sonic line
position and the supersonicupstream structure. In the current PINS
scheme, the integrationpointequationsdirectlyrelate thenodalpres-
sure to the local integration point velocity and, thus, the sonic line
position. Therefore, a large pressure difference between adjacent
nodes is accompaniedby a large � uid accelerationor viscous force,
i.e., shock-wave dissipation, between the shock-capturing points
in Figs. 6b–6d. By improving the upwinding procedure, the PINS
scheme is able to provide the analogous physical in� uences be-
tween pressure and velocity at the integration point that standard
� nite volume schemes provide at the control volume level.

Conclusions
A relationship between convection–diffusion modeling in � nite

volume procedures and a local form of the second law of thermo-
dynamics has been established.Speci� c aspects of integrationpoint
models, such as incomplete couplings between the local velocity
and pressure � elds, may lead to negative production of generalized
or computationalentropy.However, the proposedPINS schemepro-
vides an effective link between integration point variables that en-
sures a positive local entropy production rate. The local form of the
second law is enforced by additional pressure and source terms in
the discretizedmomentum transport equation. Applications to both
one- and two-dimensionalproblemsdemonstrate the good accuracy
and performance of the method. The role of generalized entropy
in compressible � ow computations has been successfully extended
to the understanding of integration point approximations in � nite
volume methods. It forms a basis from which further developments
in numerical upwinding schemes can be achieved.

Appendix: Order Accuracy
The order accuracy of the convection terms can be establishedby

a Taylor series analysis. We must estimate the error in the approxi-
mation of Á at the control volume surface due to the discretization
of the integrationpoint equation. The integrationpoint equation for
an arbitrary scalar Á can be written in the following form:

½ Á;m C P¾ D 0 .A1/

where the subscript ;m denotes differentiation in the streamwise
direction, P¾ includes all transport terms except convection, and
is a linearized approximate integration point velocity such as the
value from a previous time step. Using a skew upwind operator (see
Fig. 1b),

½ 0 Á 0 ¡ Á 0
u

L
C P¾ 0 D 0 .A2/

where the primes refer to inexact numerical values. Assuming that
the local streamline intersects the volume edge between local nodes
2 and 3, then linear interpolation between 82 and 83 may be em-
ployed for the approximation of Á 0

u :

Á0
u D .a=b/82 C [1 ¡ .a=b/]83 .A3/

The order accuracy of this interpolation is determined by � rst
forming a Taylor series expansion about the location of Á0

u:

82 D Áu C .b ¡ a/.Á;n/ C 1
2 .b ¡ a/2.Á;nn/ C [.b ¡ a/3] (A4)

83 D Áu ¡ a.Á;n/ C 1
2
a2.Á;nn/ C .a3/ (A5)

where the local coordinate n is parallel to the element edge. Com-
bining Eqs. (A3–A5),

Á0
u D Áu C .b2/ .A6/
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which proves that the linear interpolation for Á0
u is second or-

der. Because the integration point velocity magnitude is ex-
pressed using the bilinear interpolation of the shape functions, it
is also second order. Then, if the terms in P¾ are at least � rst order,
Eq. (A2) becomes

Á0 D Áu ¡
L P¾ C L .L/

½ C ½ .L2/
C .b2/ .A7/

Expanding the second term on the right-hand side of Eq. (A7) by
partial fractions,

L P¾ C L .L/

½ C ½ .L2/
D

L P¾
½

¡
L P¾ .L2/

½ .L2/ C ½ 2
C .L3/

½ C ½ .L3/

(A8)

If D .L=T /, where T is a representativetimescale for the prob-
lem, then j .L2/= j < 1 as themesh is re� ned.Applyinga binomial
expansion and combining Eqs. (A7) and (A8),

Á0 D Áu ¡ .L P¾=½ / C .b2/ C .L2/ .A9/

Applying a Taylor series expansion about the current integration
point,

Áu D Á ¡ L.Á;m /ip C .L2=2/.Á;mm/ip C .L3/ .A10/

Thus, from Eq. (A10) and the original differential equation,

Á D Áu ¡ .L P¾=½ / C .L2/ .A11/

Comparing this exact expression to the approximate value in
Eq. (A9),

Á 0 D Á C .b2/ .A12/

which proves that the integration point variable is second order.
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